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THE KA¨HLER-RICCI FLOW, HOLOMORPHIC VECTOR FIELDS AND
FANO BUNDLES
XI SISI SHEN
Abstract. We study the behavior of the Ka¨hler-Ricci flow on compact manifolds devel-
oping finite-time singularities, in particular, when the flow contracts exceptional divisors
or collapses the Fano fibers of a holomorphic fiber bundle. We present a technique using
holomorphic vector fields to prove estimates related to the work of Song-Weinkove and
Fu-Zhang.
1. Introduction
The Ricci flow, originally introduced by Hamilton [13], now serves as an essential tool
in geometry. One of its most celebrated applications is in Perelman’s ground-breaking
resolution of the Poincare´ and Geometrization conjectures [14, 15, 16] following Hamilton’s
program of Ricci flow with surgery. The Ricci flow starting from a Ka¨hler metric remains
Ka¨hler along the flow and is thus referred to as the Ka¨hler-Ricci flow. It was used by
Cao [2] to give a parabolic proof of the existence of Ka¨hler-Einstein metrics on manifolds
of negative first Chern class, a result originally proved by Aubin [1] and Yau [41], and
on manifolds of zero first Chern class, originally proved by Yau [41]. There has since
been extensive work done to better understand the behavior of the Ka¨hler-Ricci flow in
the general type case [11, 12, 33, 35, 39] in the Calabi-Yau fiber case [7, 10, 27, 24, 38]
as well as in the Fano case [3, 4, 17, 18, 19, 20, 21, 29, 36, 37, 32, 34]. Furthermore,
the behavior of finite-time singularities along the Ka¨hler-Ricci flow has been studied in
[5, 6, 8, 22, 23, 25, 26, 28, 31] and references therein.
The focus of this paper is on the behavior of the Ka¨hler-Ricci flow on compact manifolds
developing certain finite-time singularities. We consider, specifically, when the flow con-
tracts exceptional divisors or collapses the Fano fibers of a holomorphic fiber bundle. We
make use of an observation of [28] that the quantity |V |2ω(t) satisfies a maximum principle
for V a holomorphic vector field and ω(t) a solution of the Ka¨hler-Ricci flow. In the first
part of the paper, we give an exposition of the estimates from [28] along the flow as it
contracts exceptional divisors. In the later sections, we consider the case where the flow
collapses the fibers of a holomorphic fiber bundle where the fiber is Pm blown up at one
point for m ≥ 2, clarifying a result by [8]. We prove that if the initial metric lies in a suit-
able Ka¨hler class, then the flow collapses the fiber in finite time and the metrics converge
along a subsequence in the Gromov-Hausdorf sense to a metric on the base.
We now describe our results more precisely. Let (X,ω0) be a compact Ka¨hler manifold of
complex dimension n ≥ 2, where ω0 =
√−1(g0)ij¯dzi ∧ dz¯j is the associated Ka¨hler form
to a Ka¨hler metric g0 on X. The Ka¨hler-Ricci flow ω = ω(t) satisfies
∂
∂t
ω = −Ric(ω), ω(0) = ω0
where Ric(ω) = −√−1∂∂¯ log detg and g is the Ka¨hler metric associated to ω. From here
on, we will also refer to ω as a Ka¨hler metric.
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It is well-known that the first singular time of the flow is given by
T = sup{t > 0 : [ω0]− Tc1(X) > 0},
where c1(X) = [Ric(ω)] is the first Chern class of X and [ω0]− tc1(X) is the Ka¨hler class
of ω(t).
Using the Ka¨hler property and evolution equation of the Ka¨hler-Ricci flow, we can bound
the norm of holomorphic vector fields with respect to the evolving metric. Specifically, for
a holomorphic vector field V on X and evolving metric ω(t), Song-Weinkove [28] observed
that
(∂t −∆) log(|V |2ω(t)) ≤ 0.(1)
This implies that the quantity |V |2ω(t) must achieve a maximum at t = 0 or on the space
boundary, simplifying the work to cases where we typically have more control. Bounds on
|V |2ω(t) give us control of the evolving metric in the directions of V .
In Section 3, we will consider the behavior of the Ka¨hler-Ricci flow on a manifold with
disjoint, irreducible exceptional divisors arising from blowing up distinct points. An ex-
ceptional divisor arising from blowing up a point y is given by the subvariety E = π−1(y)
which is biholomorphic to Pn−1 and represents all the directions through y, where we write
π : X → Y for the blow-up map. Let ω(t) be a smooth solution to the Ka¨hler-Ricci flow
for t ∈ [0, T ) with the assumption that T <∞ on a manifold X with disjoint, irreducible
exceptional divisors E1, . . . , Ek. Assume there exists a blow-up map π : X → Y , where
(Y, ωY ) is a smooth compact manifold, such that π(Ei) = yi ∈ Y and that the initial
Ka¨hler class satisfies
[ω0]− 2Tc1(X) = [π∗ωY ].
Song-Weinkove proved in [28] that ω(t) converges in the Gromov-Hausdorff sense to a
metric space (Y, dT ) where dT is the metric extending (π
−1)∗gT to be 0 on {y1, . . . , yk}
and that ω(t) converges smoothly away from the exceptional divisors. In particular, they
show that the diameter of (X,ω(t)) is uniformly bounded for all t ∈ [0, T ). We present an
exposition of their diameter estimate using local holomorphic vector fields, Equation (1),
and the fact that we have uniform estimates on compact subsets away from the divisor.
While the proof of the diameter estimate in [28] uses Equation (1) to obtain bounds on the
radial holomorphic vector field for the purposes of bounding the lengths of radial paths
emanating from the blow-up point, we will demonstrate that indeed Equation (1) can be
used to show all of the crucial estimates. The main idea is to choose the holomorphic
vector fields so that the bounds we get from the norm of these holomorphic vector fields
are precisely in the directions that we need.
In Section 4, we will prove estimates for the case of collapsing the fibers of a Fano bundle.
We consider the case where the fibers are projective space blown up at a point, Blp P
m,
which are obtained from Pm by replacing a point p ∈ Pm with a subvariety E biholomor-
phic to Pm−1. We establish a diameter bound and convergence rate of the fibers, and
show Gromov-Hausdorf convergence of the manifold with respect to the evolving metric
subsequentially to the base manifold, building on results by [8]. We require the fibers to
be Fano to ensure that the Ka¨hler-Ricci flow collapses the fiber in finite time. We begin
by showing the necessary estimates when the manifold is a product manifold. From there,
we demonstrate how our method for product manifolds can be rather straightforwardly
adapted to the case of fiber bundles trivialized over Zariski open sets on a projective
manifold in Section 5.
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Theorem 1. Let ρ : X → B be a Fano bundle trivialized over Zariski open sets on B, a
compact, projective manifold, with Fano fiber F ∼= Blp Pm. Let ω(t) be a smooth solution
to the Ka¨hler-Ricci flow for t ∈ [0, T ) for T < ∞ on X. Assume that the initial Ka¨hler
class satisfies
[ω0]− 2Tc1(X) = [ρ∗ωB ].
Then the following hold:
(1) The diameter of X with respect to the evolving metric ω(t) is uniformly bounded
for all t ∈ [0, T ).
(2) There exists a uniform C such that for any t ∈ [0, T ),
diamω(t) F ≤ C(T − t)1/5,
for every fiber F .
(3) (X,ω(t)) converges subsequentially in the Gromov-Hausdorff sense to (B,ωB,∞)
where ωB,∞ is uniformly equivalent to ωB.
Remark 1. Fu and Zhang assert a proof of the diameter bounds and convergence of
the metrics in [8] using similar arguments to those in [28]. However, in their proof of
Lemma 3.3, their inequality in Equation (3.11) seems to implicitly assume that [E] is a
semi-negative line bundle.
Remark 2. We remark that the exponent of 1/5 appearing in the rate of convergence of
the diameter of the fiber is a minor improvement to that shown in [8] of 1/15.
In our proof, we require the existence of certain global holomorphic vector fields on the
fiber manifold that extend to the whole manifold since we do not have uniform estimates
away from the divisors and, thus, cannot simply work locally. We note that our method
will allow us to bound each direction of the evolving metric explicitly rather than bounding
the trace.
2. Preliminaries
In this section, we cover several useful tools and establish the notation that we will use in
later sections. The first key tool is the parabolic Schwarz lemma of Song-Tian [24] (see
also Theorem 2.6 of [28]) which is a parabolic version of Yau’s Schwarz lemma [40]:
Lemma 1. Let F : X → Y be holomorphic and let ω = ω(t) be a solution to the Ka¨hler-
Ricci flow and ωY a fixed Ka¨hler metric on Y , then we have for all points on M × [0, T )
with trω F
∗ωY positive that
(∂t −∆) log trω F ∗ωY ≤ C trω F ∗ωY ,
where C is an upper bound of the bisectional curvature of ωY .
We now state a well-known inequality following from a trace estimate along the flow due
to Cao [2] which is the parabolic version of an estimate of the complex Monge-Ampe`re
equation due to Aubin and Yau [1, 41] (see also Proposition 2.5 of [28]):
Lemma 2. Let ω = ω(t) be a solution to the Ka¨hler-Ricci flow and ω˜ a fixed metric on
X, then
(∂t −∆) log trω˜ ω ≤ C trω ω˜,
where C depends only on a lower bound of the bisectional curvature of ω˜.
3
From these inequalities, we have the following well-known estimate due to Tian-Zhang
[33] and Zhang [42] (see also [26, 30] and Lemma 2.1 and 2.2 of [28]):
Lemma 3. There exists a uniform constant C depending only on (X,ω0) such that the
solution ω = ω(t) to the Ka¨hler-Ricci flow satisfies ωn ≤ Cωn0 .
The following is another result we will need due to Tian-Zhang [33] and Zhang [42] (cf.
[39]):
Lemma 4. Given Ka¨hler manifolds (X,ω0) and (Y, ωY ), if there exists a surjective holo-
morphic map ζ : X → Y then for ω = ω(t) a solution of the Ka¨hler-Ricci flow on X
satisfying limt→T [ω(t)] = [ζ∗ωY ] for T <∞, there exists a uniform c > 0 such that
ω ≥ cζ∗ωY .
In particular, the above lemma holds when X is a fiber bundle over Y (see Lemma 2.1 of
[23]).
3. Contracting exceptional divisors
Let X be a compact Ka¨hler manifold of dimension n ≥ 2 with disjoint, irreducible ex-
ceptional divisors E1, . . . , Ek arising from blowing up distinct points p1, . . . , pk and corre-
sponding blow-up map π : X → Y . It has been shown in the work of [28] that the Ka¨hler-
Ricci flow contracts exceptional divisors when the initial Ka¨hler class satisfies
[ω0]− Tc1(X) = [π∗ωY ].
Song and Weinkove [28] show in their paper that the diameter of X is bounded along the
flow and that the evolving metric converges in the Gromov-Hausdorff sense to a metric on
Y and smoothly away from the exceptional divisors. In this section, we provide a different
point of view for computing one of the critical estimates in their paper, Lemma 2.5(i) from
[28], by replacing estimates on the traces of the evolving metric by estimates of the metric
along certain directions given by holomorphic vector fields.
Since the divisors are disjoint, we may simply focus on the local behavior around a given
exceptional divisor E as we have uniform estimates on ω(t) on compact subsets away from
the exceptional divisors. We will drop the variable t from here on and denote the evolving
metric by ω. A proof of these uniform estimates was shown in [33] using the fact that
π∗ωY is uniformly equivalent to ω0 on X\ ∪mi=0 Ei, coupled with the fact that ωn ≤ Cωn0
and ω(t) ≥ cπ∗ωY by Lemmas 3 and 4. By assumption, we have that π(E) = p and
π−1(p) ∼= Pn−1.
On the unit ball D ⊂ Y around p, define coordinates z1, . . . , zn which we can pull-back
via π to X. We can identify π−1(D) with the submanifold
D˜ = {(z, l) ∈ D × Pn−1|zplq = zqlp}.
Now, let us define for each pair of values i, j ∈ {1, . . . , n}, a holomorphic vector field
V kℓ = z
ℓ ∂
∂zk
,
where we note that k, ℓ are not summation variables, which then defines via π a holomor-
phic vector field on π−1(D) vanishing to order 1 along E. We may extend each V kℓ to a
smooth (not holomorphic) global vector field on the whole of X. In the following lemma,
we are identifying π−1(D\{0}) with D\{0} via the map π and writing ω for the Ka¨hler
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metric (π−1)∗ω on D\{0} ⊂ Y . Since we have bounds on compact subsets away from E,
it suffices to prove bounds on π−1(D).
In order to arrive at a uniform diameter bound of X with respect to the evolving metric
ω(t), we will need to uniformly bound the following: (1) the diameter of spheres centered
at the blow-up point and (2) the length of radial paths emanating from the blow-up point.
We begin by proving the first of these two bounds:
Lemma 5. For r ∈ (0, 1), the diameter of the 2n− 1 sphere Sr of radius r in D centered
at the blow-up point with respect to the metric induced from ω is uniformly bounded from
above, independent of t and r.
Proof. We begin by showing that on π−1(D), there exists a constant C such that
gR
( ∂
∂x1
,
∂
∂x1
)
= 2g11¯ ≤
C
r2
for the Euclidean metric gR onD and r
2 =
∑n
k=1 |zk|2. We proceed by an application of the
maximum principle and by considering the holomorphic vector fields V 1ℓ for ℓ = 1, . . . , n.
Note that for each fixed t, we have that gij¯ is uniformly equivalent (with a constant that
depends on t) to the model metric
π∗ωY + τ∗ωFS = δij +
√−1
2πr2
(
δij − z
izj
r2
)
(2)
where δij is the pullback of the Euclidean metric on Y by π and the second term is the
pullback of the Fubini-Study metric on Pn−1 by τ : D˜ → Pn−1 taking (z, l) 7→ l where
lp
lq =
zp
zq .
For each fixed t, we have that
|V 1ℓ |2ω = g11¯(t)|zℓ|2 ≤ C(t)
(
1 +
√−1
2πr2
(
1− |z
1|2
r2
))|zℓ|2 ≤ C(t) on π−1(D),
and is a smoothly defined quantity. It follows from Equation (1), that on π−1(D),
(∂t −∆) log |V 1ℓ |2ω ≤ 0
for all ℓ = 1, . . . , n. This implies that a maximum occurs either on the boundary of
π−1(D) or at t = 0. Since we have uniform estimates on compact subsets away from the
exceptional divisor, we have that |V 1ℓ |2ω ≤ C on the boundary of π−1(D). If the maximum
occurs at t = 0 then
|V 1ℓ |2ω ≤ sup
π−1(D)
|V 1ℓ |2ω0 ≤ C.
By the definition of |V ℓ1 |2ω, this gives us that
g11¯ ≤
C
|zℓ|2 for ℓ = 1, . . . , n ⇒ g11¯ ≤
C
maxℓ |zℓ|2 ⇒ g11¯ ≤
C
r2
An identical argument can be used to obtain that gkk¯ ≤ Cr2 for k ∈ {2, . . . , n}. Together,
this gives us that on π−1(D),
ω ≤ C
r2
ωEucl.(3)
From this, we are left to show bounds on the diameter of the 2n − 1 sphere Sr for r ∈
(0, 1) centered at the blow-up point which we may identify with its preimage under π,
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independent of r. Consider the inclusion map ιr : Sr → D. Using Equation (3), we have
for any r ∈ (0, 1) and p, q ∈ Sr that
dι∗rω(t)(p, q) ≤
√
C
r
dι∗rωEucl(p, q) ≤
√
Cπ
which is independent of t and r. 
To complete the proof of the diameter bound of X with respect to ω(t), we will need
to combine this result with a bound on the length of radial paths in D\{0}. Define the
radial vector field V rad =
∑n
ℓ=1 z
ℓ ∂
∂zℓ
on the unit ball centered at the blow-up point in Y ,
which we may identify via π to be a holomorphic vector field on X in a neighborhood of D.
Lemma 6. For any x ∈ π−1(D\{0}), the length of the radial path γ(λ) = λx for λ ∈ (0, 1]
with respect to ω is uniformly bounded from above by a uniform constant multiple of |x|1/2.
Proof. We will show that on the complex line {0 = z1 = . . . = ẑi = . . . = zn},
gi¯i ≤
C
|zi|
where for the purposes of demonstration we consider the case i = 1. Define the quantity
Qε = log(|V rad|2(1+ε)ω
∣∣ ∂
∂z1
∣∣2
ω
) on D. For a fixed t, it can be shown that |V rad|2ω is uniformly
equivalent to r2 inD by a straightforward computation using the model metric in Equation
(2). By the previous lemma, g11¯ ≤ Cr2 implies that Qε tends to −∞ as x → E. Thus, a
maximum must occur on D\{0} on which we have that
(∂t −∆)Qε = (1 + ε)(∂t −∆) log |V rad|2ω + (∂t −∆) log
∣∣ ∂
∂z1
∣∣2
ω
≤ 0
where the inequality follows from Equation (1) since both V rad and ∂
∂z1
are holomorphic
vector fields on X away from the origin. Letting ε→ 0, this gives us the following bound
|V rad|2ω
∣∣ ∂
∂z1
∣∣2
ω
≤ C
Restricting to the complex line {0 = z2 = . . . zn}, we have that
g11¯|z1|2g11¯ ≤ C ⇒ g11¯ ≤
C
|z1| .
The same argument can then be used for all i = 2, . . . , n, to get that on {0 = z1 = . . . =
ẑi = zn} we have
gR
( ∂
∂xi
,
∂
∂xi
)
= 2gi¯i ≤
C
|zi|
Without loss of generality, we may assume that x lies in a coordinate direction from the
origin. For the path γ(λ) = λx for λ ∈ (0, 1] emanating from the blow-up point, we can
show that
gγ(λ)(γ
′(λ), γ′(λ)) ≤ C|x|
λ
whose square root when integrated over λ ∈ (0, 1] gives us the desired bound on the length
of γ. 
Combining Lemma 5 and Lemma 6, we are ready to prove the following result by [28]:
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Theorem 2. Let ω(t) be a smooth solution to the Ka¨hler-Ricci flow for t ∈ [0, T ) and
assume T < ∞ on a manifold X with disjoint exceptional divisors E1, . . . , Ek. Assume
there exists a blow-up map π : X → Y for (Y, ωY ) a compact manifold such that π(Ei) =
yi ∈ Y and that the initial Ka¨hler class satisfies
[ω0]− 2Tc1(X) = [π∗ωY ]
Then the diameter of X with respect to the evolving metric ω(t) is uniformly bounded for
all t ∈ [0, T ).
Proof. From Lemma 5 and Lemma 6, we have a uniform bound on the diameter of X when
p, q do not lie on E since any two points in π−1(D\{0}) are connected by a combination
of radial paths in coordinate directions and walks along spheres of radius less than 1. Let
us assume without loss of generality that p lies on the exceptional divisor E. We can
take limiting sequences (pj)
∞
j=1 such that pj → p with respect to any fixed metric and
pj ∈ D\{0} ∀j = 1, . . . ,∞. Since dω(pj , q) ≤ C for a uniform C independent of j, we may
conclude that this holds for all j and thus indeed holds for p, q. 
We note a few key differences between our proof and that of [28]. In bounding the diameters
of spheres, their method bounds the trace using a maximum principle argument involving
controlling bad terms using the Ka¨hler potential. In contrast, our proof computes bounds
on the evolving metric in each direction using the holomorphic vector fields that we have
chosen. In bounding the lengths of radial paths, [28] uses the radial holomorphic vector
field V rad = zi ∂
∂zi
coupled with a trace term. We use the same radial holomorphic vector
field but pair it with the norm of the holomorphic vector field ∂
∂zj
in lieu of the trace to
obtain the bound in each of the zj directions pointing away from the blow-up point.
4. Collapsing Fano component of product manifold
In this section, we prove Theorem 1 in the product case. Let X = B × F where B is
a compact Ka¨hler manifold of dimension n − m and F is a compact Fano manifold of
dimension m. We are working in the setting where we collapse the entire fiber component
F of X along the Ka¨hler-Ricci flow. In the next section, we will describe how this can be
generalized to a compact manifold whose projective base manifold is covered by Zariski
open sets over which fibers are trivial.
Assume that F ∼= Blp Pm which is a Fano manifold and so will be collapsed by the Ka¨hler-
Ricci flow in finite time. Let π : F → Pm be the blow-up map and assume that the initial
Ka¨hler class satisfies
[ω0]− Tc1(X) = [pr∗B ωB]
where prB : B×F → B is the projection onto the base component. In addition, we assume
that the initial metric ω0 is not a product metric since otherwise the flow will deform the
metrics on B and F independently until the volume of F vanishes. We note that unlike
in the previous case, we no longer have uniform estimates of the metric on X away from
the exceptional divisors on the fiber manifold. For this reason, we will use the existence
of certain global holomorphic vector fields on F to clarify the estimates of [8].
For the rest of the section, we will be working “downstairs” in Pm via the blow-up map
π : F → Pm, and for simplicity refer to (π−1)∗ω by ω and π−1(Dr) by Dr . We have on
each coordinate chart
Uk = {[Z0 : . . . : Zm]|Zk 6= 0}
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on Pm for k = 0, . . . ,m, local coordinates w1, . . . , wm where wi = Zi−1Zk on Uk for 1 ≤ i ≤ k
and wi = ZiZk for k < i ≤ m. Without loss of generality may assume that the blow-up
point is at the point p = [1 : 0 : . . . : 0].
Let us define how we will restrict the metric to the base and fiber components. Define
the restriction of a metric ω on B × F to F , denoted ω|F , at each point (b, f) ∈ B × F
by
ω|F (V,W ) := ω(b,f)((ιf )∗V, (ιf )∗W )(4)
where ι : F −֒→ B × F given by ιb(f) = (b, f) and V,W are vector fields on F . We can
define ω|B in an analogous way.
4.1. Diameter bound of X. We now describe how we obtain a diameter bound on X
with respect to the evolving metric ω = ω(t). Firstly, we will bound the diameter of B by
proving that
ω|B ≤ C(pr∗B ωB)|B ,(5)
where ω|B is defined as in Equation (4).
Secondly, to bound the diameter of F , we choose r0 sufficiently large such that ∪mi=0Dir0
form a cover of Pm, where
Dir0 = {(Z0Zi , . . . ,
Ẑi
Zi
, . . . , Z
m
Zi
) :
m∑
k=0,k 6=i
∣∣Zk
Zi
∣∣2 ≤ r20} ⊂ Ui.
We will show the diameter bound on F by showing that on D0r0 , the ball centered around
the blow-up point in the coordinates of U0, we have that
ω|F ≤ C
r2
(pr∗F π
∗ωPm)|F ,(6)
where prF : B × F → F is the projection onto the fiber component and ω|F is defined as
in Equation (4).
On Dkr0 for 1 ≤ k ≤ m which do not contain the blow-up point, we will show that
ω|F ≤ C(pr∗F π∗ωPm)|F .(7)
4.1.1. Diameter bound of B. From the fact that the limiting cohomology class has a com-
ponent on B, we may apply Lemma 4 to get that ω ≥ C pr∗B ωB . Restricting to B this
gives us that
ω|B ≥ C(pr∗B ωB)|B .(8)
We will prove Equation (5) by showing a bound on horizontal level sets H on X:
Lemma 7. For any f ∈ F and corresponding level set H = B × {f} we have that
ω|H ≤ C(pr∗B ωB)|H .
Proof. For fixed f ∈ F , we wish to bound the quantity Q = tr(pr∗
B
ωB)|Hω|H . Assume
that the maximum occurs at a point x0 = (b0, f) and let us choose normal coordinates
z1, . . . , zn for (pr∗B ωB)|H at x0 for which g is diagonal where z1, . . . , zn−m are coordinates
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on B. Then we can write Q =
∑n−m
i,j=1 g
ij¯
Bgij¯ . A straightforward computation following
similarly to the proof of Lemma 2 shows that
(∂t −∆) logQ = 1
Q
n−m∑
a,b,i,j=1
(
− gab¯(RB) ij¯ab¯ gij¯ + gab¯gpq¯(∂agiq¯)(∂b¯gpj¯)g
ij¯
B +
|∇(gij¯Bgij¯)|2ω
Q
)
≤ − 1
Q
n−m∑
a,b,i,j=1
gab¯(RB)
ij¯
ab¯
gij¯
≤ C trω|H (pr∗B ωB)|H ,
where C depends on a lower bound for the holomorphic bisectional curvature of ωB and
the second last inequality uses two applications of the Cauchy-Schwarz inequality. Using
Equation (8), we have that
(∂t −∆) logQ ≤ Ctrω|H (pr∗B ωB)|H ≤ C.
Since T < ∞, (∂t −∆)(logQ − Ct) ≤ 0 which implies that Q ≤ C, giving us the desired
inequality. 
By the compactness of F , the above lemma implies Equation (5).
4.1.2. Diameter bound of spheres centered around E.
Lemma 8. There exists a uniform C such that for each point (b, f) ∈ B × F
ω|F ≤ max(C
r2
, C)(pr∗F π
∗ωPm)|F ,
where r2 =
∣∣Z1
Z0
∣∣2 + ∣∣Z2Z0 ∣∣2 is the distance squared to the blow-up point.
Proof. To achieve a bound on F , we may work “downstairs” on Pm. We will bound the
evolving metric in local coordinates on each coordinate chart. We begin by proving the
desired bounds on U0, the only chart that contains a blow-up point. It is well known that
dim(H0(Pm, T 1,0Pm)) = (m+ 1)2 − 1 by the fact that Aut(Pm) = PGL(m+ 1,C). It can
be shown that H0(Pm, T 1,0Pm) is spanned by, written in the local coordinates w1, . . . , wm
of U0, m holomorphic vector fields of the form
V i =
∂
∂wi
,
for i = 1, . . . ,m, followed by m2 holomorphic vector fields of the form
V ij = w
j ∂
∂wi
,
for i, j = 1, . . . ,m and m holomorphic vector fields of the form
V radi = w
i
m∑
ℓ=1
wℓ
∂
∂wℓ
,
for i = 1, . . . ,m.
Using the fact that a holomorphic vector field on M vanishing at a point p extends to
a holomorphic vector field on BlpM , the above-defined vector fields V
i
j and V
rad
i for all
i, j = 1, . . . ,m lift to F ∼= Blp Pm since they each vanish at the blow-up point p = [1 : 0 :
. . . : 0]. From there, each of these holomorphic vector fields can then be trivially extended
to all of X.
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Since |V ij |2ω is a globally-defined smooth quantity on X and V ij is holomorphic, we have
by Equation 1 that
(∂t −∆) log(|V ij |2ω) ≤ 0.
Using the maximum principle, a maximum occurs at t = 0, and so |V ij |2ω ≤ C|V ij |2ω0 which
implies that gi¯i ≤ C|zj |2 . Since this holds for each pair (i, j), it follows that gi¯i ≤ Cr2 for all
i = 1, . . . ,m. On D0r0 , this gives us that ω|F ≤ Cr2 (pr∗F π∗ωPm)|F .
On each Uk for 1 ≤ k ≤ m, it can be straightforwardly checked that V radk defined above
on U0 transforms onto the local coordinates w
1, . . . , wm of Uk as
∂
∂w1 . In addition, V
i
k
transforms onto Uk as
∂
∂wi+1
for i < k and as ∂
∂wi
for i > k. Since V radk can be lifted to
Blp P
m and trivially extended to X, by Equation 1, we have that
(∂t −∆) log(|V radk |2ω) ≤ 0
and, thus, a maximum must occur at t = 0 giving us that |V radk |2ω ≤ C and so on Uk
this implies that g11¯ ≤ C. Since we have already previously shown that |V ik |2ω ≤ C, this
gives us that on Uk, gi¯i ≤ C for all i = 2, . . . ,m. Together, this gives us that on Dkr0 that
ω|F ≤ C pr∗F π∗ωPm. 
We note that our proof differs from the one used by [8] in several ways. Firstly, although
we use Lemma 7 to control the bounds on the base in the same way, our estimates on the
fiber completely rely on the existence of the specific holomorphic vector fields instead of
using sections vanishing along the exceptional divisors. Reiterating what we mentioned
in the previous section, our method provides estimates on the metric in the directions
of particular holomorphic vector fields instead of bounding the trace with respect to a
singular metric. In this way, we are not using the positivity of the bisectional curvature of
the Fubini-Study metric on Pm but are instead using the symmetries of Pm and the global
holomorphic vector fields that it permits.
4.1.3. Bounds on lengths of radial paths. Combining what we showed in the previous
section, that ω ≤ Cω0 on each Dr0\Dδ, and that ωn ≤ Cωn0 by Lemma 3, we indeed
have uniform estimates for ω away from the exceptional divisors. Showing bounds on the
lengths of radial paths follows straightforwardly from the argument of [28] but we include
a proof here using holomorphic vector fields.
Lemma 9. The length of the radial path on the fiber emanating from the blow-up point
to a point x on the same coordinate chart γ(λ) = λx for λ ∈ (0, 1] with respect to ω is
bounded by a uniform constant multiple of |x|1/2.
Proof. As in the last section, we will prove that on the complex line
{0 = z1 = . . . = ẑi = . . . = zn},
we have
gi¯i ≤
C
|zi| .
Let us consider the case i = 1, as the estimates for i = 2, . . . , n follow precisely in the same
manner. We will use the radial vector field we introduced in the proof of the previous
theorem defined on each chart’s local coordinates w1, . . . , wm by V rad =
∑m
ℓ=1 w
ℓ ∂
∂wℓ
.
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Since we have bounds away from the exceptional divisors from the previous section, we
will work only on D1. Consider the quantity
Qε = log(|V rad|2(1+ε)ω
∣∣ ∂
∂z1
∣∣2
ω
).
For fixed t, Qε → −∞ as x → E since
∣∣ ∂
∂z1
∣∣2
ω
≤ C(t)
r2
and |V rad|2ω ≤ C(t)r2. This implies
that a maximum cannot occur on E. Using the fact that V rad and ∂
∂z1
are holomorphic
vector fields, we know that (∂t−∆)Qε ≤ 0. This gives that Qε ≤ C for all ε since we have
bounds on ∂D1. Letting ε→ 0 we have
|V rad|2ω
∣∣ ∂
∂z1
∣∣2
ω
≤ C.(9)
Restricting to the complex line {0 = z1 = . . . = ẑi = . . . = zn}, we arrive at
g11¯|z1|2g11¯ω ≤ C.(10)
From this we obtain the desired estimate
gi¯i ≤
C
|zi| .
From the above inequality, it is straightforward to see that if we assume that x lies in a
coordinate direction from the origin, γ(λ) = λx for λ ∈ (0, 1], then
gγ(λ)(γ
′(λ), γ′(λ)) ≤ C|x|
λ
.
Integrating its square root over λ ∈ [0, 1), we arrive at the desired bound on radial paths
emanating from a blow-up point. 
Combining Lemma 8 and Lemma 9, we may conclude a diameter bound for the fiber F .
Lemma 7 automatically gives us bounds on the diameter of B for each f ∈ F . Thus, this
gives a uniform bound on the diameter of X with respect to ω is for all t ∈ [0, T ).
4.2. Convergence of the diameter of fibers. We will now show that the diameter of
the fiber tends to zero as t → T− at a rate of (T − t)1/5. We note that the proofs of
the lemmas follows similarly to those in [28] and [8], but we will include a proof for the
convenience of the reader. The improvement in the exponent from the result of [8] of
1/15 to 1/5 is the result of simply adjusting the powers of certain parameters in the proof
accordingly. From now on, let us denote dt for dω(t) and diamt for diamω(t).
We will use the following method of [28] (see also [23]):
Lemma 10. Given two points p, q on F that can be joined by a curve γ ∼= P1 ⊂ F , assume
that p, q belong to the same fixed coordinate chart U whose image under the holomorphic
coordinate z = x+
√−1y is a ball of radius 2 in C with respect to ωEucl. Define
R = {(x, y) ∈ R2 : x ∈ [0, x0], y ∈ [−ε, ε]} ⊂ R2 ⊂ C
where ε = (T − t)α which we may assume is sufficiently small with α > 0. Assume that p
corresponds to (0, 0) and q to (x0, 0) with x0 ∈ (0, 1) in R. Then for a specific y′ ∈ (−ε, ε),
we have that for p′ = (0, y′) and q′ = (x0, y′) that
dt(p
′, q′) ≤ C(T − t) 1−α2 .
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Proof. Along this γ, we have∫
γ
ω(t) ≤
∫
γ
1
T
((T − t)ω0 + t pr∗B ωB) ≤ C(T − t).
Then it follows that ∫ ε
−ε
∫ x0
0
trω˜ ω dxdy ≤ C(T − t)
which implies that there exists y′ ∈ (−ε, ε) such that∫ x0
0
trω˜ ω(t) dx ≤ C(T − t)
ε
= C(T − t)1−α
since ε = (T − t)α. For p′ ∈ (0, y′), q′ ∈ (x0, y′), we have that
dt(p
′, q′) ≤
∫ x0
0
√
gt(∂x, ∂x)(x, y
′)dx
=
∫ x0
0
√
trω˜ ω(t)
√
ĝ0(∂x, ∂x)(x, y
′)dx
≤
( ∫ x0
0
trω˜ ω(t) dx
)1/2(∫ x0
0
ĝ0(∂x, ∂x)(x, y
′)dx
)1/2
≤ C(T − t) 1−α2 ,
as desired. 
Lemma 11. Given two points p, q ∈ E ⊂ F , we have that
dt(p, q) ≤ C(T − t)1/3.
Proof. We first apply the previous Lemma with α = 1/3 , i.e. ε = (T−t)1/3, to obtain that
on the rectangle R as specified in the Lemma, we have that dt(p′, q′) ≤ C(T − t)1/3. Now,
it remains to show how to bound dt(p, p
′) and dt(q, q′). The points p and p′ correspond to
lines Lp and Lp′ in P
1 which when restricted Dr ⊂ C2 become paths emanating from the
origin to points p˜ and p˜′ that are transverse to E. Now, by the bound from Lemma 9 this
gives us that dt(p, p˜) + dt(p
′, p˜′) ≤ Cr1/2 ≤ Cε if we choose r sufficiently small. Finally,
since p and p′ are ε apart on R which implies that that p˜ and p˜′ are rε apart on Sr with
respect to the Euclidean metric, it follows that for ιr : Sr → Dr, we have
dt(p˜, p˜
′) ≤
√
C
r
dι∗rωEucl(p˜, p˜
′) ≤ Cε = C(T − t)1/3.
Applying the same argument for q and q′ and applying the triangle inequality, we arrive
at the desired bound. 
Lemma 12. There exists a uniform constant C such that for any fixed b0 ∈ B, δ0 ∈
(0, 1/2) and t ∈ [0, T ), we have
diamt({b0} × π−1(Dδ0)) ≤ C(|δ0|1/2 + (T − t)1/3).
Proof. We may assume that at least one of p, q ∈ π−1(Dδ0) is not in E since otherwise
it follows by the previous lemma. For p ∈ E and q ∈ π−1(Dδ0\{0}), let γ(λ) = λq for
λ ∈ [0, 1] be a radial path in π−1(Dδ0) from q to E. Let q′ = limλ→0+ γ(λ). Then, by
Lemma 9, dt(q, q
′) ≤ C|δ0|1/2 and by the previous lemma dt(p, q′) ≤ C(T − t)1/3. 
12
Lemma 13. There exists a uniform constant C such that for any fixed b0 ∈ B and any
p, q ∈ Fb0 and t ∈ [0, T ), we have
diamt(Fb0) ≤ C(T − t)1/5.
Proof. Using the previous lemma, we see that for δ0 = (T − t)2/5, we have that
diamt({b0} × π−1(Dδ0)) ≤ C(T − t)1/5.
Now, it remains to consider the case when p, q ∈ F\π−1(Dδ0). Applying Lemma 10 to p, q
with ε = (T − t)3/5, we have that dt(p′, q′) ≤ C(T − t)1/5. We also have by Lemma 8 that
ω|F ≤ C
δ20
π∗ωFS ≤ C
δ20
π∗ωEucl,
which gives us that dt(p, p
′) ≤
√
C
δ0
ε ≤ C(T − t)1/5 and similary for dt(q, q′). 
4.3. Gromov-Hausdorff convergence. We will now show the Gromov-Hausdorff con-
vergence of (X,ωtn) to (B,ωB,∞) for a subsequence {tn}∞n=1 → T− and a metric ωB,∞
that is uniformly equivalent to ωB. The proof was shown by Fu-Zhang [8], but we include
a proof here for the convenience of the reader.
Firstly, for any x, y ∈ X, where we denote dωt by dt and diamω(t) by diamt for simplicity,
we have that
dt(x, y) ≤ diamt FprB(x) +
√
Cd0(prB(x),prB(y)) + diamt FprB(y)
≤ C(T − t)1/5 +
√
CdB(prB(x),prB(y)).
(11)
In particular, there exists a uniform C such that dt(x, y) ≤ C for any t < T and for all
x, y ∈ X.
Now, let M = X ×X. For each k ∈ N, let Qk be the finite collection of centers of balls of
radius 1k , measured with respect to pr
∗
1 ω0+pr
∗
2 ω0, that covers M by compactness, where
pr1 and pr2 are projections onto the first and second components of M , respectively. We
note that Q is countable and dense in X. Take a sequence (dtn)
∞
n=1 of dt with tn → T
as n →∞. For a point q1 ∈ Q, the sequence (dtn(q1))∞n=1 is bounded and so we can find
a subsequence (t1,n) such that dt1,n(q1) converges in R. We can then find a subsequence
(t2,n) of (t1,n) such that dt2,n(q2) converges. Using the fact that Q is countable, we proceed
in this way and construct a subsequence that converges at each q ∈ Q by taking the
diagonal sequence (dtn) = (dtn,n). We are left to show that this subsequence is uniformly
Cauchy.
Given ε > 0, let δ = ε12C , k >
1
δ and choose Tε such that (T − Tε)1/5 ≤ ε12C . Then for any
q = (x, y) ∈ X, we have that
|dtm(q)− dtn(q)| ≤ |dtm(q)− dtm(qk)|+ |dtn(qk)− dtm(qk)|+ |dtn(qk)− dtn(q)|
where qk = (xk, yk) ∈ Qk. The first term can be bounded as
|dtm(q)− dtm(qk)| ≤ |dtm(x, y)− dtm(x, yk)|+ |dtm(x, yk)− dtm(xk, yk)|
≤ dtm(y, yk) + dtm(x, xk)
≤ ε
6
+
ε
6
=
ε
3
using Equation (11) and the fact that d0(prB(x),prB(xk)) ≤ δ and d0(prB(y),prB(yk)) ≤ δ
since we chose k > 1δ . The same holds for the third term by replacing m with n. Since
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there are only a finite number of points in Qk, choose N large enough such that for
n,m > N ,
|dtn(qk)− dtm(qk)| ≤
ε
3
.
Taking N to be large enough such that TN ≥ Tε, we see that dtn is uniformly Cauchy
and, thus, uniformly convergent. Let d∞ be the limit of this subsequence. It is straight-
forward to see that d∞ is continuous, non-negative symmetric and satisfies the triangle
inequality.
We have by Lemma 4 that
d∞(x, y) ≥
√
cdB(prB(x,prB(y)).
We also have an upper bound
d∞(x, y) ≤
√
CdB(prB(x),prB(y)),
following from Equation (11). Define dB,∞(x, y) = d∞(x′, y′), for x′ ∈ Fx and y′ ∈ Fy
which is independent of the choice of lift since for another lift y′′ of y, we have
d∞(x′, y′) ≤ d∞(x′, y′′) + d∞(y′′, y′) = d∞(x′, y′′)
d∞(x′, y′′) ≤ d∞(x′, y′) + d∞(y′, y′′) = d∞(x′, y′),
which gives that d∞(x′, y′) = d∞(x′, y′′). By symmetry, the same holds for lifts of x. Using
the characterization of Gromov-Hausdorff convergence from [9], the Gromov-Hausdorff
distance dGH(X,Y ) between two metric spaces (X, dX ) and (Y, dY ) is the infimum of
all ε > 0 such that the following holds. These exist, not necessarily continuous, maps
F : X → Y and G : Y → X such that
|dX(x1)− dY (F (x1), F (x2))| < ε for all x1, x2 ∈ X,
dX(x,G ◦ F (x)) < ε for all x ∈ X,
and similiarly for Y . Define F : X → B to be the projection map F = prB, and let
G : B → X be any map satisfying F ◦ G(b) = b for all b ∈ B. Then we have for any
x1, x2, x ∈ X that
|dtn(x1, x2)− dB,∞(F (x1), F (x2))| = |dtn(x1, x2)− d∞(x1, x2)| → 0,
dtn(x,G ◦ F (x)) ≤ diamtn FprB(x) ≤ C(T − t)1/5 → 0,
since dtn → d∞ uniformly and because of Lemma 13. For all b1, b2, b ∈ B we have
|dB,∞(b1, b2)− dtn(G(b1), G(b2))| = |d∞(G(b1), G(b2))| → 0, dB,∞(b, F ◦G(b)) = 0,
again by the fact that dtn → d∞ uniformly. Thus, we have shown that as n→∞, we have
that dGH(X, dtn ), (B, dB,∞))→ 0, as desired. 
5. Generalizing to the fiber bundle case
In this subsection, we will describe the proof of Theorem 1 by adapting the estimates
we have obtained in the last subsection to the case of fiber bundles which can be lo-
cally trivialized over Zariski open sets. Let us define a fiber bundle to be a quadruplet
(X,B,F, ρ) where B is the base compact manifold, F is the fiber of dimension m, ρ is
the projection map from X → B such that for any y ∈ B, ρ−1(y) = F and on a Zariski
open subset (y ∈)U ⊂ B, there exists biholormorphism Φ such that the following diagram
commutes
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ρ−1(U) U × F
U
ρ
Φ
prB
In addition to the above maps, we have prF : U × F → F and π : F → Pm. For each
Zariski open set U , let D = B\U and using the fact that B is projective, there exists a
divisor [L] containing D in its support. Let s be a holomorphic section and a h a Hermitian
metric on L .
The estimates on the base manifold carry over rather straightforwardly. The following
lower bound holds as in the previous section:
ω ≥ Cρ∗ωB
as well as an analogous version of Lemma 7:
ω|H ≤ C
ρ∗|s|2αh
(ρ∗ωB)|H ,
which follows straightforwardly using the fact that
∆ log(ρ∗|s|2αh ) ≤ C trω ρ∗ωB ≤ C(12)
where the first inequality uses the fact that
√−1∂∂¯ log(ρ∗|s(x0)|2αh ) =
√−1∂∂¯ log(|s(b0)|2αh )
is some fixed quantity on B and the second inequality follows from Lemma 4. In the fiber
direction, the estimates for the diameter bound need only be obtained over subsets of a
finite number of Zariski open sets covering the base manifold by compactness. Hence, it
suffices to prove the estimates on a subset of a Zariski open set trivializing the fiber. Let
us denote
U1/2 := {y ∈ U : |s(y)|2h > 1/2}.
We will now describe how to show the analogous estimates on each U1/2. As before, let
π : F → Pm be our blow-up map. It can be shown that the particular holomorphic
vector fields we chose in the previous section on Pm indeed extend to smooth holomorphic
vector fields on ρ−1(U1/2) by pulling back by Φ∗ pr∗F π
∗. In order to make the quantity
to which we apply the maximum principle global, we can consider |Φ∗ pr ∗Fπ∗V |2ω|s|2αh for
each vector field V on Pm and some α > 0. The analogous estimates on the fiber now will
be of the form:
ω|F ≤ C
ρ∗|s|2αh r2
(Φ∗ pr∗F π
∗ωPm)|F
for some α > 0. The quantities we will use in the maximum principle arguments will simply
have an additional log(ρ∗|s|2αh ) term which we can deal with as in Equation (12).
Now, since T <∞ and since |s|2h > 1/2 on U1/2, we have that on each U1/2 that
ω|F ≤ C
r2
(Φ∗ pr∗F π
∗ωPm)|F
We remark that we are using the fact that the fiber bundles trivialize over one Zariski
open set when we assume the existence of a holomorphic section s vanishing outside of
U .
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